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1. Harrison [l] has introduced the notion of the ext-completion of an 
abelian group as follows. Let A be an abelian group. The ext-completion, 
A*, of A is defined to be A* = Ext(Q/Z, A). Subsequently Rotman [4] has 
made the topological analogy precise by furnishing abelian groups with a 
(not necessarily Hausdorff) topology in which ext-completions are closed 
whenever they are imbedded as subspaces. 
Megibben [3] has shown how the ext-completion may be used as an aid 
in the classification of mixed groups of torsion-free rank one. A result which 
is implicit in Megibben’s work is that every reduced non-splitting abelian 
group, with torsion-free rank one, and torsion part T, may be imbedded in T”. 
Following Harrison we call a group adjusted if it has no torsion-free 
direct summands. The above result has moved both Rotman and Hirsch* 
to ask the following question. Can every reduced adjusted group be imbedded 
in the ext-completion of its torsion part. 7 It turns out that the answer to this 
question must be in the negative. 
THEOREM 1. Let p be a prime, and S an unbounded p-primary group. 
There exists an adjusted mixed group with torsion-free rank 2 and torsion part S 
which cannot be imbedded in S*. 
In order to prove this result we look at the extensions of a torsion group T 
by a torsion-free group Y in a way first suggested by Harrison [l]. The meat 
of the note lies in the technical criterion proved in Theorem 2. 
2. Recall that a group A is co-torsion if it is reduced and Ext(Q, A) = 0. 
It follows that Ext(X, A) = 0 for all torsion-free groups X. 
Let A be a reduced abelian group. Put A* = Ext(Q/Z, A). Harrison 
showed that A* is cotorsion. He also showed that there is a monomorphism 
S = S(A) : A + A* 
* Professor K. A. Hirsch in a private communication. 
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with torsion-free and divisible cokernel. It is useful to have the following 
universal characterisation of 6, which appears to be due to Matlis [2]. 
Let A be a reduced abelian group, B a cotorsion group. Let f : A-+ B 
be any morphism. Then there is a unique morphism f * : A* + B such that 
f = Sf". 
The following facts are well known (proofs may be found in [I]). 
(2.1). Let f : A -+ B be a morphism between reduced groups. Then there 
is a morphism f* : A* + B* such that 
(2.2). f* is a monomorphism if and only iff is a monomorphism. 
(2.3). Let i : t(A) - A be the natural injection of the torsion part of A 
into A. Then the induced sequence 
splits. 
0 --+ [t(A)]* 5 A* (2.4) 
For our purposes it is useful to be a little more precise about (2.3). 
Let i : t(A) + A and j : A -+ A/t(A) be the natural injection and projection. 
PROPOSITION 2.5. Let g : A -+ [t(A)]* be a morphism Zzfting S(t(A)). 
Then g* is the splitting map for the sequence (2.4). It follows that there is a 
morphism p E Hom([A/t(A)]*, A*) such that 
.i,p +g*i, = 1~ 
Proof. The hypothesis gives ig = S(t(A)). The definition of g* gives 
g = S(A)g*, while that of i, results in is(A) = S(t(A)) i, . Thus 
S(t(A)) i,g* = iS(A)g* = ig = S(t(A)). 
Whence i,g* lifts the identity on T. It follows from the universal property 
of 6 that i,g* is the identity on T*. 
Let p be a prime. We denote by A, the additive group of all rational 
numbers whose denominators, in lowest terms, are powers of p. A group G 
is p-reduced if Hom(A, , G) = 0. It is easy to see that G is p-reduced if and 
only if G has no proper non-trivial subgroup H satisfying H = PH. The 
proof of the following is routine. 
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(2.6). Let T be a reduced p-group. Then T* is p-reduced. 
3. Throughout this section S and T denote reduced torsion groups, while 
X and Y are torsion-free groups. 
There is an exact sequence 
where v is the natural projection, and T*/T is torsion-free and divisible. 
In particular t(T*) = T. Let g E Hom(Y, T*/T). We construct the pullback 
diagram 
N,- Y 
1 1 
9 
T* & T*IT 
where 
Ng = ((y, t) E Y @ T” I yg = tn} 
is the pullback. It is evident that N, is an extension of T by Y. We have a 
commutative diagram 
O--+T --f+NgL Y-O 
II ly lg (3.1) 
O---+T6’ T*“- T*/T--+Q 
with exact nows. Here j = j( g) and y = y(g) are induced by the natural 
projections of Y @ T* on to its summands. 
Harrison [l] has shown that every extension of T by Y may be realised in 
this way. He proves the following result. 
Let 
O-tT+A+Y+O (3.2) 
be an exact sequence. Then there is a morphism g E Hom(Y, T*/T) such that 
the sequences (3.2) and 
are equivalent. 
It follows readily from Harrison’s proof that the split extension of T by Y 
corresponds to those morphisms g E Hom(Y, T*/T) which are induced 
by some g E Hom(Y, T*). 
Our key result is the following. 
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THEOREM 2. Let f E Hom(X, S*/S), g E Hom(Y, T*/T). Let Mf and 
N, be the corresponding pull bucks. Suppose that h E Hom(Mf , N,). Then 
there exist morphisms h E Hom(S*/S, T*/T), h, E Hom(X, Y) and 
0 E Hom(X, T*) such that 
fh - h,g = &r(T). 
Proof. The morphism h induces a commutative diagram with exact rows. 
Namely 
(3.3) 
where h, is the restriction of h to S and h, is the induced morphism. 
The defining diagram (3.1) for N, shows that y(g) lifts 6(T). It follows 
from Proposition 2.5 that 
G(d~*(g) = 1~ . (3.4) 
Similarly 
i*(f 1 r*(f 1 = 1.~ , (3.5) 
and there exists p E Hom(X*, Mf*) such that 
.Ldf)p +r*(f)Cdf) = lhf,* 
Recall that 
r(f) = @Mf) r"(f), 
and a similar equation holds for y(g). 
The first square of (3.3) induces the commutative square 
(3.6) 
(3.7) 
i*Q s* - Mf* 
he 
-1 1 
k, 
‘J-e i*(Q! N,* . 
The map h, : S + T induces the commutative diagram 
o----s- SW s* n(S) - s*/s - 0 
lkl lh, if@ 
O---e TSO- T*% T”/T---to 
which has exact rows. 
(3.8) 
(3.9) 
&I/17/1-8 
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We can now compute. 
Where 
r(f) Al* = r(f) hl*i*(g) Y*(g) 
= w4) r*(f) i*(f) h*Y*( d 
= ww[lMf* -j*(f) PI h*Y*(d 
= @(NJ Y*(g) - + 
Thus 
r(f) h* = b(g) - d* (3.10) 
Now 
i(f)4 = w3 i*(f>~*(f)Ph*Y*(gh 
and &(f)i+.(f) = 0. Thus 
i(f)4 = 0. 
It follows that there exists 0 E Hom(X, T*) such that 
(b = -j(f) 8. 
Next observe that 
(3.11) 
i(f)fh” = r(f) 44 h# 
= r(f) hl*G) 
= e?)g +&i(f) MT). 
Here we have used (3.10) and (3.11). Thus by (3.3) we have 
i(f)fh” =.i(fP3P + ~4ql. 
Now j(f) is epic so 
fh# = h, g + &r(T). 
Proof of Theorem 1. Let X be an indecomposable torsion-free group 
with rank equal to 2. Assume that pX = X. The latter condition together 
with (2.6) ensures that Hom(X, S*) = 0. Let K be a rank 1 pure subgroup 
of X. Let f : X -+ S*/S be a homomorphism with kernel K. Put G = MT . 
Since f is not the null map the condition Hom(X, S*) = 0 ensures that 
G does not split. Suppose that G has a torsion-free direct summand A. 
Then G = A @B, where t(G) < B. Thus X N G/S = A @ (B/S), 
contradicting the indecomposability of X. Thus G is adjusted. 
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Suppose that there is a monomorphism g# : G --f S*. This induces a 
monomorphism g : X--f S*/S, and the square 
commutes. By the pullback property, there is a morphism h : G = &If + N, 
satisfying g# = hr( f ). Since g# is manic the same must be true of h, and also 
of the induced map h, : X -+ X. From Theorem 2 we deduce that there is an 
endomorphism h# of S*jS such that 
fh#-hh,g=O (3.12) 
Now both h, and g are manic, thus h,g is manic. Thus Eq. (3.12) implies 
that f is manic, which is absurd. We have obtained a contradiction, and so the 
assumption that there is a monomorphism g# : G -+ S* must be absurd. 
We have shown that G is a group with the properties described in the 
theorem. 
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